Abstract-Discrete multitone (DMT) signals are known to have large dynamic range, which make them prone to nonlinear effects such as the quantization effects inherent to the signal processing at the transmission chain. However, the analysis of these effects is difficult due to the noncontinuous nature of quantization characteristics. In this paper we present a simple and accurate analytical method for the performance evaluation of quantization effects on DMT signals. For this purpose, we take advantage of the Gaussian-like nature of DMT signals with a large number of subcarriers and define a smooth polynomial nonlinear characteristic that gives rise to signals with spectral characterization that is similar to quantization signals. This equivalent nonlinearity is then employed for obtaining the performance of quantized DMT signals when conventional receivers, ideal Bussgang receivers and optimal receivers are employed. 
I. INTRODUCTION
DMT signals [1] are a special type of multicarrier signals that are usually employed in baseband transmission. As with other multicarrier signals, they are suitable for highly frequency-selective channels and allow relatively simple FFTbased transceiver implementations. For these reasons, they were selected for the asymmetric digital subscriber line (ADSL) standard [2] . However, as other multicarrier signals, DMT signals have large envelope fluctuations and suffer from nonlinearities in the transmission chain, such as the quantization effects inherent to the signal processing operations.
The analytical evaluation of nonlinear effects on multicarrier signals can be done taking advantage of the Gaussian-like nature of multicarrier signals when the number of subcarriers is high [3] - [4] . However, this analysis is only practical for smooth nonlinear characteristics, where the number of intermodulation products (IMPs) is relatively small, which is certainly not the case of quantization characteristics.
In this paper we present a simple and accurate analytical method for the performance evaluation of quantization effects on DMT signals. For this purpose, we take advantage of the Gaussian-like nature of DMT signals and define a smooth polynomial nonlinear characteristic that gives rise to signals 1 with spectral characterization that is similar to quantization signals. This equivalent nonlinearity is then employed for obtaining the performance of quantized DMT signals for a wide range of receivers namely:
• Conventional receivers;
• Ideal Bussgang receivers where we estimate and compensate nonlinear distortion effects in the transmission chain [5] - [7] ; • Optimum receivers that take advantage of the information on the nonlinear distortion component, instead of regarding it as an undesirable, noise-like term [8] - [9] . This paper is organized as follows: in Section II the signals along the blocks of the considered nonlinear DMT scheme are described. Section III presents a method for obtaining an equivalent nonlinearity that can be used to characterize theoretically the nonlinear distortion associated to quantization effects. In Section IV these results are used to obtain the conventional and the optimal performance of nonlinear DMT schemes. Section V concludes this paper.
Throughout this paper we employ the following conventions: bold letters denote matrices or vectors and italic letters denote scalars. Capital letters are associated to the frequencydomain and small letters are associated to the time-domain. ||X|| denotes the Euclidean norm of the vector X and (·) T denotes the transpose operator. The probability density function (PDF) of the random variable x is denoted as p(x) and E[·] denotes expectation. Fig. 1 shows the nonlinear DMT scenario considered in this work. At the inverse discrete Fourier transform (IDFT) input we have the frequency-domain symbols to be transmitted
II. NONLINEAR DMT SYSTEM
2 S = 2 (we assume normalized quadrature phase shift keying (QPSK) constellations with S k = ±1 ± j, i.e., σ S = 1). In each frame, only N symbols are effectively sent, since (M − 1)N subcarriers are left idle to simulate an oversampling operation by a factor of M . At the IDFT output, we have
T ∈ C NM with F denoting the NM-point DFT (Discrete Fourier Transform) matrix, whose the entry at the ith line and kth column is given by 
Let us consider the model for a general Cartesian nonlinearity represented in Fig. 2 . At the nonlinearity output, the nth sample is defined as
To represent the quantization characteristics we consider a nonlinear function f (·) that represents the quantization curve of a "mid-riser" quantizer with N b bits of resolution and normalized clipping level s M /σ. Fig. 3 shows the nonlinear function f (·) for a quantizer with normalized clipping level s M /σ = 1.0 and different N b bits of resolution. In addition to (3) , and under the Gaussian approximation for
, the Bussgang theorem [3] states that the quantized signal can be separated in two uncorrelated components: a scaled replica of the input signal
T ∈ C NM and a term that concentrates the nonlinear distortion
where the scale factor α T x is the ratio between cross correlation of y and s and the autocorrelation of s,
Regarding the frequency-domain, we have where
NM is the frequency-domain version of the distortion term that can be modeled by a Gaussian variable with zero mean as shown in [10] . After passes through the TX quantizer, the quantized DMT signal is sent to a time-dispersive channel with frequency-responses
, and the resultant signal is represented by
Following the channel, white Gaussian noise is added to W. This noise is characterized by the frequency-domain block
where σ 2 N is chosen according to a specific channel signalto-noise ratio (SNR) and the variance of the real and the imaginary parts of noise samples is σ
2 . Hence, the input of the RX quantizer is
The time-domain samples z = F −1 Z pass through the RX quantizer that is also modeled by the nonlinear function f (·), leading to the block
The received signal Y T x can be assumed to have a complex Gaussian distribution, since it is the sum of several multipath components, each one with Rayleigh fading, together with the AWGN term. In these conditions, the real and the imaginary parts of the time-domain samples z
T ∈ C NM can be modelled with a zero-mean Gaussian random variable with variance σ 2 z , allowing the use of the Bussgang's theorem. Therefore, for the kth subcarrier we have
III. EQUIVALENT NONLINEARITIES Let us consider that a complex Gaussian signal with real and imaginary parts modelled by the random variable s and with autocorrelation R s,n is submitted to a Cartesian memoryless nonlinearity represented by f (s). From [4] , the output autocorrelation is a function of the input autocorrelation, i.e.,
where R s,0 = 2σ 2 and P 2γ+1 is the power associated to the IMP of order 2γ + 1, defined as
where H 2γ+1 (·) is the Hermite polynomial of order 2γ + 1.
The average PSD of the nonlinearly distorted signal can be obtained by taking the DFT of the output autocorrelation, i.e., G y,k = DFT(R y,n ). As the summation of (12) is truncated to the first n γ IMPs, which implicitly constitutes a polynomial approximation for the nonlinearity, this approach is only suitable for smooth nonlinear characteristics that can be approximated with few polynomial terms. However, the "strong" nonlinearities associated to the quantization characteristics require the computation of a large number of IMPs (i.e., n γ must be very high) to obtain accurate estimates of the PSD, which compromises the computational efficiency. In such cases, it will be good to obtain a smoother, "equivalent nonlinearity" g(s) that gives rise to signals with the same spectral characterization of the quantized signals. In this section, we present a method for obtaining this equivalent nonlinearity g(s). are almost constant or, at least, have very low fluctuations.
Regarding the time-domain, the autocorrelation of those PSDs can be approximated by Dirac delta functions, which means that all autocorrelations from a given order γ = γ max can be approximated in the autocorrelation associated to the IMP of order γ = γ max , that concentrates the power of the IMPs from γ = γ max to γ = +∞. The idea is to set the IMPs of the equivalent nonlinearity g(s) according to the IMPs of f (s), i.e.,
where
The value of γ max is chosen to guarantee that the PSD associated to the contribution of the IMP of order 2γ max + 1 is constant, i.e, γ max ≥ M . The equivalent nonlinearity is hence characterized by
In order to obtain the polynomial coefficients that characterize the nonlinearity T = [T 0 T 1 ..
. T γmax ]
T ∈ R γmax+1 , we must relate the power of the IMPs of g(s) with its expression. However, they are not linearly related (see the general definition of the power associated to a given IMP in (13)). For this reason, we define IMPs of g(s) as
where the coefficients
can be obtained as
From the above equation, one can note that the coefficients related with g(s) . Thus, the polynomial coefficients
T ∈ R γmax+1 can be obtained by substituting (16) in the first line of (18), i.e.,
Employing matrix notation, we have N b = 4 bits of resolution. From the figure, it can be noted that the PSD computed through the truncated IMP approach presents a considerable error when compared to the simulated PSD, which contrasts with the high accuracy associated to the PSD obtained using the equivalent nonlinearity.
IV. PERFORMANCE OF QUANTIZED DMT SIGNALS
In this section we take advantage of the good accuracy of the equivalent nonlinearity to present a set of performance indicators associated to the nonlinear DMT scheme depicted in Fig. 1 .
A. Conventional Receivers
The conventional receivers treat the nonlinear distortion as something that degrades the performance. The BER associated to these receivers can be obtained through the equivalent signal-to-noise ratio (ESNR), since the distortion is Gaussian at the subcarrier level [4] . Having in mind (10), the ESNR is defined as Fig. 7 shows the evolution of the ESNR k considering quantizers with s M /σ = 1.0, N b = 4 bits of resolution and a channel SNR of 10 dB. The theoretical ESNR k was obtained by computing E[|D
through the equivalent nonlinearity. The difference between the simulated and the theoretical results is almost negligible which confirms the high accuracy of the equivalent nonlinearity to substitute the noncontinuous characteristics of the quantizers in the performance evaluation of nonlinear DMT schemes.
B. Optimal Receivers
Contrary to the conventional receivers and the "Bussgang Receivers" [5] - [7] , in [8] - [9] it is shown that the optimal performance of nonlinearly distorted multicarrier signals can be as good or even better than the performance of conventional receivers designed assuming linear transmission chains. A first insight on the optimal performance is provided through the definition of an asymptotic gain, that are closely related with the minimum Euclidean distance between two nonlinearly distorted signals. The closed-form solution of this distance presented in those works is accurate for relatively smooth nonlinear characteristics, which is not the case of the quantization curves. Nevertheless, by using the smoother, equivalent nonlinearities presented in Section III, we can consider the works of [8] - [9] to obtain the optimal performance of the nonlinear DMT scheme depicted in Fig. 1 . However, for the sake of complexity, we only considered the quantizer at the transmitter 4 .
In the presence of a Cartesian nonlinearity, the average squared Euclidean distance between two nonlinearly distorted DMT signals is given by [8] 
where µ is the number of bit differences between the two DMT sequences and d 2 adj is the absolute value of the difference between two QPSK symbols. The average asymptotic gain associated to the BER is
where the average bit energy is theoretically given by associated with (23) and with the equivalent nonlinearity that is shown to be very precise to substitute the non-continuous characteristic of the quantizers. Additionally, it should be pointed out that the average gain is almost always higher than 0 dB, which means that the optimal receiver can outperform the conventional receivers employed in nonlinear DMT schemes. However, it is important to check out if these asymptotic gains also exist in more realistic scenarios where the channel has a time-dispersive nature. In Fig. 9 we depicted the distribution of the asymptotic gains in a frequency-selective channel with I = 32 uncorrelated multipath components and an equivalent nonlinearity that characterizes a quantizer with s M /σ = 1.0 and N b = 6 bits of resolution. From the figure it should be pointed out that although the asymptotic gain can assume values lower than 0 dB, our results must be compared with the linear DMT case (whose the correspondent distribution is also shown for the sake of comparisons), where the gains can be even lower than when nonlinear DMT signals are considered. Thus, it is clear that the optimal receiver can introduce substantial improvements in the performance of nonlinear DMT schemes. These gains increase with µ which reveals that they might also exist in scenarios where channel coding is employed. we note that the high potential asymptotic gains associated to the Figs. 8 and 9 are traduced in considerable improvements in the BER associated to the optimal detection of nonlinearly distorted DMT signals. The optimal receiver clearly outperforms the performance associated to both the conventional and "Bussgang" receivers of [5] - [7] . The gains are even higher when frequency-selective channels are considered which can be mainly explained due to the joint diversity that is inherent to the nonlinear distortion and the channel.
V. CONCLUSIONS
In this paper we considered the impact of quantization effects in a DMT transmission chain. We presented a simple and accurate analytical method for the performance evaluation of quantization effects on DMT signals. For this purpose, we took advantage of the Gaussian-like nature of DMT signals with a large number of subcarriers and defined a smoother polynomial nonlinear characteristic that gives rise to signals with spectral characterization that is similar to quantization signals. This equivalent nonlinearity was then employed for obtaining the performance of quantized DMT signals when both conventional, Bussgang and optimal receivers are employed.
